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Location of Zeros Of Polar Derivative of
Polynomials With Real Coefficients
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Abstract: In this paper we obtain the size of the disc in which the zeros of polar derivatives of polynomial of

degree n with real coefficients with respect to a real a lie.
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INTRODUCTION:

To estimate the zeros of a
polynomial is a long standing
problem. It is an interesting area of
research for many engineers as well
as mathematicians and many results
on the topic are available in the
literature.

If P(z)=Y", a iZ, be a polynomial of
degree n then Polar Derivative of
the polynomial P(z) with respect to
a, where a can be real or complex
number, is defined as

D,P(z) =n
P(z) + (a-z) P’(z).

It is a polynomial of degree up to n-

1. The polynomial D,P(z) generalizes
the ordinary derivative, in the sense
that lim,5..DyP(z)/a = P’(2).

This paper we prove the following
results.

Theorem (1): Let P(z)=Y",az be
a polynomial of degree n with real
coefficients such that

an<api1s...
. <ap<0
and ia; < (i-
1)aiq i=0,1, 2,...n-2.

Then the polar derivative of P(z)
with respect to a real a#-a,.1/nas
has (n-1) roots and they lie in

|z| £ 1.

Theorem (2): Let P(2)=Y",az be
a polynomial of degree n with real
coefficients such that

an<api1s...
. Qg
and ia; < (i-
1)aiq i=0,1, 2,...n-2.

Then the polar derivative of P(z)
with respect to a#-a,.1/na, has (n-1)
roots and they lie in

-1
|z| < |any +ana,| {-(ans +
ana,) + nag + aa; + | nag + aa; |}
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Theorem (3): Let P(z)=Y1,az be
a polynomial of degree n with real
coefficients such that

amsam-ls..

. <ap where m=0,1,2.....n

and ia; < (I-
1)aiq i=0,1,2,...m-2.

Then the polar derivative of P(z)
with respect to a such that

a= 'an-l/ nap = 'zan-z/(n'
1)an.1=.....=-(n-m-1)am.1/(M+2)amse

has exactly m roots and they lie in

|Z| < I(n'm)am + a(m+1)am+1|_l{'(n'
m)am -a(m+1)am: + Nag

+anas + | nag + ana; |}
PROOF OF THEOREM 1:

Let P(z) = ag+ a1z + @y2° + e + @52
be a polynomial of degree n.

Then the polar derivative of P(z) is

given by D4P(z) = n P(z) + (a-z) P’(z).

Then

D«P(z) = [nag + aa;] + [(n-1)a; +
20a,]z+[(n-2)a, + 3aas]z’ + ...

+[(n-m+1)amy + amay, 12" + [(n-
m)am +a(m+1)am+l ]Zm + [(n'm'

1)am+1 +a(m+2)am+2]zm+1 +

[2a,, +a(n-1)an1]2"> + [an +
ana, ]z

Now consider the polynomial Q(z) =
(1-z) D4P(z) so that

Q(z) = -[ @p-1 + anan]z” + [anq + ana,
-2an, - a(n-1)an 2"t + ...

+ [(n-m-1)ams + a(m+2)amss -

m+1

(n'm)am - a(m+1)am+l]z

+ [(n-m)a, + a(m+1)am: - (n-
m+1)am.q - 0mam ]z

+ [(n-m+1)amq + aman, — (n-
mM+2)am, — a(m-1)amq]z™™ + ...

+[(n-2)a; + 3aaz —(n-1)a; -
20a,]2> +[(n-1)a; + 202, — nag - aa;

]z
+ [nag + aa4].

Now if |z|>1 then |z|™ < 1fori=

Further

|Q(2)| 2 |ans +anag| |z]" - {|ans +
anay 'Zan-z 'a(n'l)an-ll Izln_l

+... 4+ |(n-m-1)an +
a(m+2)ams - (N-M)am - a(m+1)am. |

|Z|m+l

+| (n'm)am + a(m+1)am+l -
(n-m+1)amq - amam || z|™
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+|(n-m+1)amq + dMay, —
(n-m+2)am, —a(m-1)amn| |z|™

+|(n-2)a, + 3aaz—( n-1)ay
-20a,]| |z|*+|(n-1)a; + 202, — nag -
aa| |z|

+|nag + aaq|}.

2 |an-l+anan| Izln' | dpq t
ana, | H|ans + ana, - 2a,.

-a(n-1)ap1| + |2an2 +a(n-
1)an1 -3ans3-a(n-2)ana| 2| +. ..

+| (n'm'l)am+l + a(m+2)am+2
- (n-m)ay, - a(m+1)ame | |z "™

+|(n-m)am + a(m+1)ams -
(n-m+1)amq - amag, || z| ™™V
+|(n-m+1)apq + ama,, — (n-

|-(n-m)

m+2)am, —a(m-1)an.1]| |z + ...

+|(n-2)a, + 3aaz —( n-1)a; -
20a,]| [z|™® + |(n-1)a; + 20a,

—nag-aa;| |z|"™? +|na,
+aay| 2| ™Y ).

2|an-1'|'a-nan| Izln-l[lzl - | dn-

L +ana,| {|ans +ana, -2an;

-a(n-1)an.q| + |2an, +a(n-
1)an1 -3ans3-a(n-2)ana| +...

+| (n'm'l)am+1 + a(m+2)am+2
- (n'm)am - a(m+1)am+1|

+|(n-m)ay, + a(m+1)an - (n-
m+1)an.1 - aman, |

+|(n-m+1)an.1 + ama,, — (n-
m+2)am, —a(m-1)an.1| + ...

+|(n-2)a, + 3aaz —( n-1)a; -
2aa;| +|(n-1)a; + 20@, — nag - aa |
+|nag +aaq| }.

-1
>|ang +anan| |z|"[|z] - | an
1 +ana, | {-(ans + ana, ) + 2an,

+a(n-1)an1 - 2an, - a(n-
1)apq +3an3 +a(n-2)a,, +...

-(n-m-1)ams1 - a(m+2)ame +
(n'm)am + a(m+1)am+l

'(n'm)am - a(m+1)am+1 + (n'
m+1)a,.1 + amam,

-(n-m+1)a,.1 - amay, + (n-
m+2)am.2 + a(m-1)ang + ...

-(n-2)a, - 3aasz +(n-1)a; +
204, - (n-1)a; - 2aa, + hag + aa;

+|nag +aaq|}.

>|ans +anan| |z|"|z | -1].
>0 if |z |>1

This shows that if

|z | > 1then Q(z) > 0.

Hence all the zeros of Q(z) with
|z|>1 lie in
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lz] <1

But those zeros of Q(z) whose
modulus is less than or equal to
1, already satisfy the above
inequality since all the zeros of
D.P(z) are also the zeros of Q(z)
as they lie in the circle defined by
the above inequality and this
completes the proof.

PROOF OF THEOREM 2:

Let P(z) = ag+ a1z + @y2° + e + @52
be a polynomial of degree n.

Then the polar derivative of P(z) is
given by DyP(z) =n P(z) + (a-2)
P’(z). Then

D«P(z) = [nag + aa;] + [(n-1)a; +
20a,]z+[(n-2)a, + 3aas]z’ + ...

+[(n-m+1)amy + amay, 2™ + [(n-
m)an, +a(m+1)ams 12" + [(n-m-

1)ama "'Ol(m"'z)am+2]ZmJrl +
[2a,.2 +a(n-1)an1]2"* + [ang +

ana, ]z

Now consider the polynomial Q(z) =
(1-z) D4P(z) so that

Q(z) = -[ @p-1 + anan]z” + [anq + ana,
-2an, - a(n-1)an 2" + ...

+ [(n-m-1)an + a(m+2)ans -

m+1

(n'm)am - a(m+1)am+l]z

+ [(n-m)a, + a(m+1)am: - (n-
m+1)am.q - 0mam ]z

+ [(n-m+1)amq + aman, — (n-
mM+2)am, — a(m-1)amq]z™™ + ...

+[(n-2)a; + 3aaz —(n-1)a; -
20a,]2> +[(n-1)a; + 202, — nag - aa;
|z

+ [nag + aa4].

Now if |z|>1 then |z|™ < 1fori=

Further

|Q(z)| 2 |an1 + anan| |z]"-{|an1 +
anay - 2a,; - a(n-1)as | |z|™

+... 4+ |(n-m-1)an +
a(m+2)ams - (N-M)am - a(m+1)am. |

|Z|m+l

+| (n'm)am + a(m+1)am+l -
(n-m+1)amq - amam || z|™

+|(n-m+1)amq + dMay, —
(n-m+2)am, — a(m-1)am| [z|™"

+|(n-2)a, + 3aaz—( n-1)ay
-20a,]| |z|*+|(n-1)a; + 202, — nag -
aay| |z]

+|nag + aaq|}.
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> |aps +anan| |z|"[]z] - |
ant +ana,| {|ans + ana, - 2a,.

-a(n-1)ap1| + |2an +a(n-
1)an1 -3ans3-a(n-2)ana| 2| +. ..

+ I (n'm'l)a m+1 + a(m+2)am+2

- (n-m)ap, - a(m+1)am., | |z] ™2

+|(n-m)am + a(m+1)an. -

(n-m+1)amq - amag, || z| ™™V

+|(n-m+1)apq + amay, — (n-

|%mm)

m+2)am, —a(m-1)an.1]| |z + ...

+|(n-2)a, + 3aaz —( n-1)a; -

20a,]| [z|™® + |(n-1)a; + 20a,
—nag - aa1| |z +|na,
+aaq| |z| ™ ).
2|an-1'|'a-nan| Izln-l[lzl - | an-

1 +ana,| {|ans +ana, -2an;

-a(n-1)an.q| + |2an2 +a(n-
1)an1 -3an3-a(n-2)ana| +...

+|(n'm'1)am+1 + a(m+2)am+2
- (n'm)am - a(m+1)am+1|

+|(n-m)am + a(m+1)an: - (n-
m+1)an.1 - aman, |

+|(n-m+1)an.1 + ama,, — (n-
m+2)am, —a(m-1)an,.1| + ...

+|(n-2)a, + 3aaz —( n-1)a; -
2aa;| +|(n-1)a; + 20a; — nag - aa |
+|nag +aaq| }.

-1
2Ian-l'l'a-nanl Izln [lzl - | an-
L+ ana, | {-(any + ana, ) + 2an,

+a(n-1)an.1 - 2an, - a(n-
1)apq +3an3 +a(n-2)a,, +. ..

-(n-m-1)ams1 - a(m+2)ame +
(n'm)am + a(m+1)am+l

'(n'm)am - a(m+1)am+1 + (n'
m+1)a,.1 + amapm,

-(n-m+1)a,.1 - amay, + (n-
m+2)am.2 + a(m-1)ang + ...

-(n-2)a, - 3aasz +(n-1)a; +
20a, - (n-1)a; - 2aa, + hag + aa;

+|nag +aaq|}.

-1
2|an-1'|'c’-nan| IZIn [lZ | - | dn-1
+ana, | {-(as1 + ana, )

+napg+o0a; +|nag +
aa |}].

>0 if |z | > | ant + ana, | H-(ans
+ana, )+ nag+aa; +|nag +aal}

This shows that if

-1

|z | > | an1+ana,| {-(an1 +
ana, ) + nag+ aa; +|nag +oaa;|}
then Q(z) > 0.

Hence all the zeros of Q(z) with
|z|>1 lie in
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-1
|z | <] ani+ana,| {-(an1 +
ana, ) + nag+ aa; +|nag +oaa;|}

But those zeros of Q(z) whose
modulus is less than or equal to
1, already satisfy the above
inequality since all the zeros of
D.P(z) are also the zeros of Q(z)
as they lie in the circle defined by
the above inequality and this
completes the proof.

PROOF OF THEOREM 3:

Let P(z) = ag+ a1z + @y2° + e + @52
be a polynomial of degree n.

Then the polar derivative of P(z) is
given by D4P(z) =n P(z) + (a-2)
P’(z). Then

D«P(z) = [nag + aa;] + [(n-1)a; +
20a,]z+[(n-2)a, + 3aas]z’ + ...

+[(n-m+1)amy + amay, 2™ + [(n-
m)an, +a(m+1)ams 12" + [(n-m-

1)ameg +0(M+2)ams]z™" +
[2a,., +a(n-1)an1]2"* + [ang +

ana, ]z

As a = -a,.1/ na, =-2a,.,/(n-1)a,.
1= =-(N-M-1)ame1/(M+2)ams

DoLP(Z) = [(n-m)am +a(m+1)am+l ]Zm +
[(n-m-1)am +a(m+2)am+2]zm+1 +

+[2an, +a(n-1)an1]z" + [an.
L +ana,]z"™.

Now consider the polynomial Q(z) =
(1-z) D4P(z) so that

m+1

Q(z) = -[(n-m)am + a(m+1)am.]z
+ [(n'm)am + a(m+1)am+1 - (n'
m"':]-)am-l

-amag 12" + [(n-m+1)am.1 +
aman, — (n-m+2)am., —a(m-1)an,.

1]Zm-l + ...

+[(n-2)a; + 3aaz; —(n-1)a; -
20a,]z> +[(n-1)a; + 2aa, — nag - aa;

]z
+ [nag + aa4].

Now if |z|>1 then |z| ™ < 1fori=

Further,

1Q(z)] 2 [(n-m)am +
a(m+1)ama|12]™" - {|(n-m)ay +

a(m+1)am+l

- (n-m+1)am.1 - amap, |
|z|™+ | (n-m+1)am.1 + aman, — (n-
m+2)am-2

-a(m-ams| [z]™+ ...

+|(n-2)a, + 3aaz —( n-1)a; -
20a,| |z]* + |(n-1)a; + 2aa, -nag -
aay | |z |

+|nag + aa,|.
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> |(n-m)an +
a(m+l)amalz|™ [|z]

-l (n-m)an +
a(m+1)ama | {[(n-m)am +
a(m+1)am

- (n-m+1)am, - amay, |+...+]|(n-

2)a, + 3aas — (n-1)a; - 20a,| |z| ™
2)

+|(n-1)a; + 20@; -nag-aay ||z |
™t nag + oas| |z ™.

2 |(n-m)am + a(m+1)ama| [2|™ [|z]

-|(n-m)an, +
a(m+1)ama | {[(n-m)am +
a(m+1)am1

- (n-m+1)amq - amam |+... +|(n-
2)a, + 30az —(n-1)a; - 20a;, |

+|(n-1)a; + 2aa; -nap - aa; |+|nag
+aaq |}

> |(n-m)an + a(m+1)ama | |z|™ [|z]

-|(n-m)apy +
a(m+1)ame |t {-[(n-m)ay, +
a(m+1)am. ]

+(n-m+1)a.1 + amag, -... -(n-2)a, -
3aasz +(n-1)a; + 2aa,

-(n-1)a; - 2aa; +hag + aa; +|nag +
aa |}].

> |(n-m)am + a(m+1)ama | 1z|™ [|z]

-|(n-m)ay, +
a(m+1)ama | ™ {- [(n-m)am +
a(m+1)am. J+nag + aa;

+|nag + aaq|}.

>0 if [z| > |(n-m)a, + a(m+1)ams |
L {-(n-m)am - a(m+1)ams +nag +

aa; +|nag + aaq|}.
This shows that if

|Z | > |(n'm)am + a(m+1)am+l |_1 {'
(n-m)an, - a(m+1)am. +nag

+ aaq +|nag +aaq |}
then Q(z) > 0.

Hence all the zeros of Q(z) with
|z|>1 lie in

IZ I > |(n'm)am + a(m+1)am+l |_1 {'
(n-m)am, -a(m+1)an., +nag

+ aaq +|nag +aaq |}

But those zeros of Q(z) whose
modulus is less than or equal to 1,
already satisfy the above inequality
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since all the zeros of D,P(z) are also
the zeros of Q(z) as they lie in the
circle defined by the above
inequality and this completes the
proof.
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